VOL. 22, NO. 4, APRIL 1985

J. AIRCRAFT 311

Computation of Three-Dimensional Viscous Flows
Using a Space-Marching Method

K. N. S. Murthy* and B. Lakshminarayanaf
The Pennsylvania State University, University Park, Pennsylvania

A space-marching method, developed to compute three-dimensional flows for internal geometries, has been
utilized to predict viscous flows through a curved duct and over a swept wing. The Navier-Stokes equations have
been posed as an inifial value problem by neglecting the streamwise viscous diffusion terms and by treating the
pressure gradient as a known source term. The resulting equations have been solved by a non-iterative (single
pass) algorithm at each streamwise step. The results are compared with earlier computations (based on iterative
methods) and the experimental data. The agreement between the present predictions, the experimental data, and
the earlier predictions is good for the cases computed. The computation time is only a fraction of the iterative

methods.

Nomenclature
= chord length
= pressure coefficient 2(P — P,,)
=vectors in governing equations, Egs. (1)
and (2)
= specific internal energy normalized by U2,
=total fluxing energy normalized by p,, UZ
= Jacobian of coordinate transformation
=turbulent kinetic energy normalized by UZ,
= characteristic length of the body or flow
=Mach number
=streamwise station index
= static pressure normalized by p., U2
=assumed static pressure
=pressure correction, Eq. (6)
=dependent lux vector
=Reynolds number of the flow based on
characteristic length and velocity
r,0,z =cylindrical coordinates normalized by a
characteristic length
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u, v, w =velocity components in z, 8, r direction nor-
malized by U, . In the case of a curved duct,
these are velocity components in x, y, z direc-
tions, respectively (see Fig. 1) normalized by
bulk velocity

Uu - =contravariant velocity component along £-
direction (§,u+&4v)

XV, 2 =local Cartesian coordinate for the curved duct
(see Fig. 1) normalized by hydraulic diameter

¥ =ratio of specific heats

€ = dissipation rate normalized by U, L~/

" =molecular viscosity normalized by u.,

o =density normalized by o,

T =total shear stress normalized by p U2

£, ¢ =body-fitted coordinate system

Ez’ £6s N2>

Nes &r =metrics of coordinate transformation
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w = vorticity/Rakich parameter (Eq. 4)
Subscripts
w =values on the wall
©o =reference value
1 =upstream value
Introduction

ANY of the flows encountered in practice are three-

dimensional and turbulent. Computation of such flows
requires algorithms that incorporate the mean flow equations
as well as adequate turbulence models. Of particular concern
in this paper is flow through internal devices, such as tur-
bomachinery rotors, ducts, cascades, diffusers, and inlets,
where complex strain fields exist due to curvature, rotation,
and pressure gradients.

The solution of the full Navier-Stokes equations by time-
marching or relaxation schemes is prohibitively expensive and
is rarely used in the design or analysis process on a day-to-day
basis. One of the approximate but very efficient techniques is
the so-called space- or parabolic-marching method. In this
formulation a dominant flow direction is identified (e.g.,
primary flow direction in a curved duct or turbomachinery
passage), and the viscous diffusion term in the streamwise
direction is neglected. Patankar and Spalding! successfully
developed an algorithm using this approximation with a bulk
pressure correction. More vigorous schemes by Briley,? Ghia
and Sokhey,?> and Moore and Moore* have been successfully
employed to predict complex flows. All these methods involve
iterative methods for the solution of pressure using an addi-
tional equation. One of the drawbacks of these parabolic
methods is the uncoupling of the governing equations and the
use of an iterative scheme to couple them. In a flowfield with
strong secondary flows and transverse velocity field, the con-
vergence rate of such a scheme is slow.

In many situations, such as turbomachinery flows and flows
in curved ducts, efficient inviscid solvers are available; hence,
the inviscid pressure field can be accurately prescribed and the
viscous correction to the pressure field can be accurately
prescribed and the viscous correction to the pressure can be
derived from a noniterative and efficient algorithm. Govin-
dan’ developed a space-marching method to compute three-
dimensional viscou$ flows in internal geometries. The Navier-
Stokes equations have been posed as an initial-value problem
by neglecting the effects of streamwise diffusion and treating
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the streamwise pressure gradient as a known source term. The
fully coupled system of equations have been solved by a non-
iterative algorithm at each streamwise step. A global pressure
iteration can be used to capture the effects of the streamwise
pressure gradient. The numerical scheme utilizes the strengths
of previous methods and overcomes their weaknesses. The
method incorporates some of the ideas developed by Schiff
and Steger® in their marching procedures for the solution of
steady supersonic viscous flows. The formulation is well posed
mathematically and solvable. The governing equations have
been written in a body-fitted coordinate system so that the
method can be used to predict flows in complex geometries. A
low Mach number formulation of the equations has been used
to compute incompressible flow fields. The computer code
based on this method has been used in this paper to predict
three-dimensional viscous flows in a curved duct and over a
swept wing.

Governing Equations and the Space-Marching Method

Details of the space-marching method and the computer
code are given in Ref. 5. Only a brief description of the
method will be given here. The Navier-Stokes equations in a
cylindrical coordinate system (r, 6, z) are employed. This
system is better suited for internal geometries and can be easily
adopted to external flow configuration and the Cartesian
system. To facilitate the application of boundary conditions, a
body-fitted coordinate system is used. A grid transformation
can be written as £ =¢ (z, 0), =9 (g, 0), {={ (r), where £ is
the coordinate in the marching direction and 7 is the coor-
dinate approximately orthogonal to £ on the cylindrical sur-
face of radius {. £ and { fit the boundaries along the boundary
surfaces of the flow domain. The transformed equations can
be written as

0E(G)  OF(q)  9G(d) A

5% P at (q)

1 [Tt 0P(g)  00(q) | .

_R—e[ % an ac +S@] S
where

q=1p, pu, pv, pw, pe;)7, JE=E E+£,F
JE=q,E+nF, JG={G, JC=C, JT=£T+E,P

JP=n.T+n,P, JO=00, JS=S, J=(En—Em,)e,

E, F, G contain the convective and pressure terms, Cand §
contain the curvature terms, and 7, P, Q contain the viscous
diffusion and the heat flux terms of the governing equations in
cylindrical coordinates. Complete details on these vectors can
be found in Ref. 5. Many of these vectors are standard and
can be found in many references (e.g. Ref. 6).

For flows with a dominant flow direction, the Navier-
Stokes equations can be parabolized by neglecting the stream-
wise diffusion terms (37/0¢). To make it a well-posed
problem, dependence of the vector £ on the pressure must be
removed. The pressure terms are separated from the vector £
to form a known source vector (£,) dependent on the assumed
pressure field. Hence, the parabolized form of the Navier-
Stokes equations can be written as

IE(G) 4
T +Ep(p3)+

1 [aﬁ(q) 30(9)
Re

dF(q) . 3G(q)
o il

+
an a¢

+§(q)] @)

where S(g) = S(g) -Reé(q). Equation (2) is a well-posed prob-
lem that governs the evolution of the flux vector E,. In the
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presence of strong pressure gradients, part of the streamwise
pressure gradient in the momentum equation must be retained
in E,. Following Rakich,” Pouagare and Lakshminarayana?®
modified Govindan’s formulation to derive the following ex-
pressions for E.(q) and E,(p;):

JE(q)= [pu, puU+£,Qw—1)p, puU

+£4Qw—1p, pwU, (e+p)U]T 3

VA

IEp) = (-0 Lo, 6, 800,007 @

where
w=yM?/[1+ (y—1)M?)]

The above form of E‘S and Ep enables the algorithm to
march through regions of strong streamwise pressure gradient
(such as that which occurs near the leading edge of a wing or a
cascade blade).

Numerical Technique

The numerical algorithm is based on the linearized block
implicit scheme of Briley and McDonald® and Beam and
Warming.'® The difference scheme employed by Govindan® is
given by

b ) ) P

b, (aé‘s>n—1A iy b,AE

(N"=N"=T) &)

T 1+b, \ 3g 1+b,
A [8B” log ]
+——+ 87 —N"

I+b,Lag o '

where

Aﬂ[aég b, A% (as1>]n B—<P F+s)
“Lag 1+b,\8g/1° T \Re i

C= (g—(ﬁsj), N=E
Re

S":S,~+&+ 95
an a¢

, Ag=q"*'—q

It should be noted that the mixed derivatives in P and Q are
treated explicitly and are not shown in Eq. (5).
Representing left hand side of Eq. (5) by R, and setting

b, @ (8B)n
_ _—— =1
I+b, an \ g L

b, @ ( ac>n
— :Lf
1+b, 9t \ ag

Equation (5) can be simplified to

[A+AE(L, +L,)]Ag"=R

Equation (6) can be factored based on the Douglas-Gunn split.
(A+ALL)Ag* =R
(A+AEL) Ag** = AAg*

Aqn+1 :Aq**
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The parameters b; and b, determine the scheme employed.
The results in the paper were obtained with b, =1, b,=1/2
corresponding to a three-point, backward implicit scheme
with a truncation error of 0(A¢%). In order to prevent un-
coupling of odd and even points, a second-order artificial
dissipation term was added to Eq. (5) on both the explicit and
implicit sides.

This term has the form

2 2

[0 e 0 28] s

J o’ J a7
where ¢ is p, (ou, pu, pw) and e¢; in the continuity, momen-
tum,and energy equations, respectively. The artificial dissipa-
tion coefficients, o,(i=1 to 5) is chosen to be much smaller
than the second order viscous terms. However, no damping
terms were added in the case of the swept wing geometry.

Global Mass Flow, Pressure, and Velocity Corrections

In an internal flow computation, the specification of the

global mass flow and the streamwise pressure gradient are
mutually exclusive. In an internal flow computation where the
global mass flow is specified and the streamwise pressure gra-
dient approximated, requirements of uniqueness of the solu-
tion and the linearization errors in numerical scheme lead to a
slow loss of the global mass flow. Maintenance of this con-
straint is important in internal flow computations and, there-
fore, the streamwise pressure gradient must be adjusted to pre-
vent the loss of global mass flow. In the present algorithm this
is done as follows:
1) After the solution is found at a particular streamwise sta-
tion n, the change in the total mass flow is calculated, and the
corrections to the streamwise pressure gradients and the
velocity are derived from the following approximated
formulas.

<

£+ £
AP .= —A /SS = d¢dy, =2 AP
sc m cdn JU { n U, oU sc
£
v = —p—f]APsc Q)

2) The pressure correction is used to correct the streamwise
pressure gradient which is going to be used in the solution of
the next streamwise station n+ 1.
3) The velocity corrections are used to correct the velocity at
the current streamwise station n.

Turbulence Closure Models

The computation presented in this paper includes both the
algebraic eddy viscosity and the k-e¢ models. The algebraic
eddy viscosity model used is due to Baldwin and Lomax’s." It
is a two-layer eddy viscosity model in which the eddy viscosity
is calculated for an inner and an outer region. Algebraic eddy
viscosity models, although simple to use, are found to be in-
adequate for three-dimensional flows. It is found that the the
k —e model of Jones and Launder!? provides better predic-
tions. This model has been incorporated in the code. Details of
the equations used and the wall functions employed are given
by Gorski et al.!* and by Pouagare and Lakshminarayana.®
The numerical procedure used lags the solution of the tur-
bulence quantities (k and €) by one streamwise step.

Initial and Boundary Conditions

The initial prescription of the pressure distribution is either
assumed or computed using an inviscid code or is obtained
from the experimental data. The initial velocity profiles are
prescribed for the turning duct and are assumed to be
uniform. For the swept wing, the measured pressure dis-
tribution is used. The present technique does not capture the
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elliptic effects. All the elliptic effects are included in the
prescribed pressure distribution. The viscous correction to the
pressure is derived from this algorithm.

The boundary conditions include no-slip on all the solid suz-
faces (u=v=w=0). Additional boundary conditions used
in the spanwise direction for the swept wing are
Ap/a¢=0p/0¢=0u/d¢=0v/3¢{=aw/d{=0. This condition en-
sures uniformity in the spanwise direction. Experimental con-
ditions were forced in the freestream.

Predictions and Comparison with Experimental Data
Curved Ducts®14

The first case considered for study is a laminar flow in a
curved duct of square cross section. The flow was measured by
Mori et al.'% and numerically investigated by Ghia and
Sokhey? using a parabolic marching technique. The geometry
of the duct is defined by the curvature ratio R/D, the aspect
ratio A, and the total turning angle ¢ (Fig. 1). In the present
case, R/D ratio of 14, aspect ratioc A of 1.0, and turning angle
¢ of 103 deg were considered. The flow Reynolds number Re
was 206 and the Dean number K(zREVT/R) was 55. The
flow developed under the presence of strong centrifugal force
which tends to develop strong secondary flows resulting in
cross flows perpendicular to the main flow direction.

The coordinate system used is shown in Fig. 1. The com-
putation was carried out at a Mach number of 0.169, with 250
streamwise steps and a mesh size of 21 X 21 in the cross plane.

Development of the Streamwise Velocity

The development of streamwise velocity at the midsection
AA is shown in Fig. 2. The streamwise velocity is normalized
by the inlet velocity U, . It can be seen that the flow is almost
symmetric and appears to be fully developed at 8 =6.5 deg. In
the entry portion of the curved duct, the viscous forces tend to
dominate over the centrifugal force. It is the centrifugal force

Aspect Ratio, A=1b/a

Hydraulic diameter

D . 2a Streamwise
a+h

Fig. 1 Curved duct geometry and coordinate system.
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STREAMWISE VELOCITY, U

Fig. 2 Development of streamwise velocity profile along the midsec-
tion AA4.



314 K. N. S. MURTHY AND B. LAKSHMINARAYANA

—— PRESENT PREDICTIONS
~~~~~ GHTA & SOKHEY anp CHENG et aL.'®

1.0 O _MRI ex_a. M (EXPD
\\
0,84 a
0.6
™ oayH ©O=p2 16.69) 31,40
0.24 a
O.U T T T T T T L T
0.0 0.0 0.0 0.0 1.0 2.0

0.0 0.0

. STREAMWISE VELOCITY, 1l
¥ig. 3 Development of streamwise velocity profile along the midsec-
tion BB.

1.94 4

1.29 4

9.65 1

STREAMWISE VELOCITY, U

Fig. 4 Fully developed streamwise velocity at 8 =103 deg.

that affects the symmetry and is negligible in the entry portion
of the duct. The evolving flow in the streamwise direction is
subjected to strong centrifugal forces, dominating over the
viscous forces, the consequence of which is to cause the bulk
of the flow to move toward the outer radius. This can be seen
clearly in Fig. 2 for = 16.6 deg to 6= 103 deg. A peak velocity
of 1.9 occurs at y=0.8 when the flow is fully developed. The
computed result at §=103 deg is compared with the earlier
numerical results of Ghia and Sokhey? and Cheng et al.'> and
experimental results of Mori et al.'* The agreement with the
results of Refs. 3 and 15 is good. However, there is a signifi-
cant departure from the experimental results. This might bave
been caused by the differences in the mass flow rate. From
Fig. 2 it appears that the experimental mass flow rate is lower
than the mass flow used in the computation.

The development of the streamwise velocity at the mid-
section BB is shown in Fig. 3. The computed flowfield is sym-
metric about Z=0.5 and exhibits two peaks, aa, as it evolves
in the streamwise direction. This indicates the presence of two
streamwise vortices of equal strength but of opposite sign. The
predicted flowfield is in agreement with the numerical results
of Ref. 3. The departure from the experimental data might be
attributed to the reasons mentioned earlier. Figure 4 shows a
three-dimensional plot of the computed, fully developed
streamwise velocity.

Secondary Flow and Vorticity Development

The y variation of the spanwise velocity w at z=0.1, 0.2,
0.3, and 0.4 for #=103 deg is shown in Fig. 5. The v velocity
distribution with respect to z at y=0.2, 0.4, 0.6, and 0.8 for
6=103 deg is also shown in Fig. 5. It is clear that the two vor-
tices of equal strength but of opposite sign are located at
y=0.6. The computed results are in good agreement with the
numerical results of Ref. 3.
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Fig. 5 Fully developed secondary velocity profiles at § =103 deg.

Figures 6a-6c show the streamwise development of second-
ary vorticity and the secondary velocity vectors in the cross
section at #=6.5, 16.6, and 103 deg, respectively. The vorticity
was computed from the nondimensional equation;

dw Jv

w=
ay 0z

where w and v are nondimensionalized by u., and y and z are
nondimensionalized by D. It can be seen that the secondary
velocities are from outer to inner radius near the walls and
vice-versa near the midspan. It is also clear from these figures
that the secondary flow rolls up to form a secondary vortex
with a strong core, which is initially (6=6.5 deg) located
nearly midway between the inner and outer walls. Once the
flow is fully developed, the position of the core remains un-
changed. The secondary velocities and vortices are large in
view of the large flow turning. No experimental data are
available for comparison with the predictions.

The computation was carried out on the Pennsylvania State
University IBM 3081/370 processor. The run time per mar-
ching step is of the order 2.0 s on a 21X 21 grid in the cross
plane. The run time included 1/0 time used for disk 1/0
operations.

Swept Wing!6:17

The second case computed was a three-dimensional tur-
bulent flow over an infinite wing measured by van den Berg
and Elsenaar.' The turbulent quantities for the same con-
figuration were measured by Elsenaar and Boelsma.!” The
wing had a swept angle of 35 deg and a chord length of 1420
mm. The flow Reynolds number was 3.4X 10%. The flow
developed under a rapid pressure gradient. A diverging chan-
nel shape was used to increase the pressure in the flow direc-
tion. The flow in front of the diverging channel was maintain-
ed parallel to obtain a constant pressure along the forward-
most part of the wing. The spanwise pressure gradient was
negligibly small. The three-dimensionality was introduced by
the sweep and the chordwise pressure gradient. The coordinate
system is shown in Fig. 7. As in the case of a turning duct, the
computation was carried out at a Mach number of 0.169. The
computation was not affected when the Mach number was in-
creased to 0.25. The number of streamwise steps was 300, and
mesh size in the cross-flow plane was 42X5.



APRIL 1985 THREE-DIMENSIONAL VISCOUS FLOWS 315
1} l— ot
0=6.5 0-1 o 6=103 0.1 U
1.00 1.00 -
g s |‘>—_ ¢ - Sl \; Y :
eSS NN S et~ _\ &
oot NN = A —\ =
NV es AWl 3 R e
e R R R ot tbr| 28 i RN W <o .=
VIANANANSTTT T | ED VYO U TER
MANNNSS=  S VAN U Nts 7 M F
NAANNSTES ~7 = R N e 7 S
0.60] SN s el 0 0.50) <\ \\\\\h\iﬂ"’"’f / S
B G G el lé",\‘f |~ N S e oV N2
z z [ - - .
o \ &
0. 3 0.40l ) IMa
= =
= S S
S > 3 S
>
0 E o.20f =
= =
s | =
< >
0. = 0.00

Fig. 6a Secondary vorticity and secondary velocity vectors at §=6.5
deg.
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Fig. 6b Secondary vorticity and secondary velocity vectors at
6=16.6 deg.

The flowfield was computed using both the eddy viscosity
and the k-¢ models. Experimental data at x’/c=0.3662 were
used as an initial condition. x’ is the distance along the chord-
wise direction, as shown in Fig. 7. Figures 8 and 9 show the
comparison of the experimental and numerical results at
x’/¢=0.7183. It should be noted that the results presented in
Figs. 8 and 9 are in the boundary-layer coordinate system (Fig.
7). The u velocity component, along the freestream direction
x, computed from both the models, is in good agreement with
the experiment. In these plots, z is the coordinate normal to
the wall, é is the boundary-layer thickness, and u, is the
velocity at the boundary-layer edge. However, the v velocity
component in the transverse direction shows significant depar-
ture from the experiment, especially near the wall region. The
departure might be attributed to insufficient resolution in the
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Fig. 6¢ Secondary vorticity and secondary velocity vector at § =103
deg.

region close to the wing surface or inaccuracy in the ex-
perimental data, or both. It should be noted that the predic-
tion using the k-e model is good from z/6=0.3 to the
boundary-layer edge.

The u component of the boundary profiles is plotted in Fig.
10 for various chordwise locations. The results from both the
turbulence models are compared with the experimental data.
The agreement between the computed results using both
models is good up to x’/c=0.648. The results from the
algebraic eddy viscosity are better at x’ /c=0.7183 and 0.7887
and are identical to the measured data. The prediction using
the k-¢ model is identical to the measured data at
x'/¢=0.8592. The discrepancy near the wall at other locations
(x’ /¢=<0.649) may have been caused by insufficient resolution
(sparse grid) of the boundary layer or the inaccuracy of the
wall functions used in the k-¢ models. A wall function was
used in the k-e model to estimate the values of £ and ¢ at the
first grid point away from the wall. :

The cross-flow velocity profiles (v) at various chordwise
locations are shown in Fig. 11. The predictions are good up
to x’ /c=0.6479, beyond which predictions in the inner region
are not good. The discrepancy here may have been caused by
the inaccuracy of the computation in the wall region,
mentioned earlier, as well as the use of isotropic eddy viscosity
models in the computation. As the cross flow gets larger, the
effect of anisotropy on eddy viscosity gets larger.

No predictions are shown for x’ /c>0.8592, as the flow has
separated in these regions. The elliptic effects induced by such
separation cannot be resolved by a single-sweep parabolic
method used in this paper.

The variation of the turbulent kinetic energy in the bound-
ary layer at x’/c=0.7711 (Ref. 17) is shown in Fig. 12. The
computed turbulent kinetic energy is in good agreement with
the experiment. This suggests that the turbulent velocity scales
were computed accurately. The dissipation rate, which is dic-
tated by the length scale, may be very sensitive to the bound-
ary conditions employed on the no-slip boundary.

The variations of the total shear stress (7) in the boundary
layer at x’ /¢c=0.7711 are shown in Fig. 13. Total shear stress
computed using the eddy viscosity model is in good agreement
with the experimental data up to z=0.2. The shear stress is
overpredicted in the region z=0.2 to 0.8. One reason for this
might be the method of computing the eddy viscosity in the
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outer region. The eddy viscosity model of Baldwin and and 7
Lomax!! avoids the need for locating the boundary-layer 8.6]
edge, and this removes the arbitrariness in the computation. A
consequence of this is that the eddy viscosity is slightly over- .57
predicted in the outer region. The computed shear stress using ™ o 4]
the k-e model is less than the measured values up to z=0.35. 3 ;“
In the region z=0.3 to 0.8, the prediction is close to the ex- 9.3 2 b
perimental result. This again suggests that the k-e model is o o ! 3 b
very sensitive to the boundary conditions used in evaluating
k-e. Most of the discrepancy between the measured values and 8.1
the predicted values (using k-e¢ models) occurs near the wing 0 0] D, W W
surface. N T T T T T T
The computation was carried out on the Pennsylvania State 0.0 00 00 0.0 00 00 00 00
University IBM 3081/370 processor. The run time per mar- CROSS-FLOW VELOCITY, ¥
ching step was of the order 1.04 s using the k-¢ model and Fig. 11 Development of cross-flow velocity profile.

0.81 s using the eddy viscosity model on a 42X 5 mesh.
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Fig. 12 Prediction of turbulent kinetic energy using k-¢ model at
x"/c=0.7711.
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Fig. 13 Prediction of total shear stress using k-¢ model and eddy
viscosity models at x’'/¢=0.7711.

Concluding Remarks

The present investigation has demonstrated that space-
marching methods can be used to predict complex three-
dimensional flows, including three-dimensional boundary
layer over wings and flow through ducts of large turning.
However, a known pressure field which includes most of the
elliptic effects is necessary to space-march the solutions. Keep-
ing part of the streamwise pressure implicit helps the march
through regions of strong pressure gradients.

In the case of three-dimensional flows, the k-e model was
found to be superior to the eddy viscosity model. However,
the boundary conditions used in evaluating k and ¢ at the first
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grid point away from the wing surface affected the
computation.
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